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FLOW PAST A CONVEX CORNER WITH A FREE STREAMLINE
UNDER LARGE SUBSONIC VELOCITIES

V.N. DIESPEROV

The flow past a convex corner of a subsonic gas flow with a free stream line
converging to the corner point is studied. A solution is constructed in the hodo-
graph plane of a nonlinear equation system for perturbed velocities, describing in
the first approximation a potential flow in a neighborhood of the corner point and
usually used in transonic gasdynamics /1/. This solution as the Mach number M,—0
at the corner point passes in a continuous manner into the solution of the Laplace
equation taken as the limit equation when investigating the separation of a laminar
boundary layer of an incompressible fluid /2,3/, while as M,-»1, into aselfsimilar
solution of the Fal'kovich—K&rmén equation with a selfsimilarity parameter n» =%
/4/, which describes the external potential current under a sonic separation from
the corner point. The main attention is paid to the case when the approach stream
velocity in it becomes close to sonic and an essential role in the formation of the
flow begins to be played by the medium's compressibility. The equation of the free
streamline in the whole range of variation of the Mach number, 0 < M, <1 , remains
one and the same to within a proportionality coefficient. The pressure gradient
specified by the exact solution of the nonlinear equations is favourable and tends
to infinity as the corner point is approached. Under an interaction of such an ex-
ternal potential flow with the boundary layer there is formed a domain of free
interaction /5 —7/.Estimates are obtained,connecting the Reynolds number with the
magnitude of the difference 1 — M,® , under which either the theory of separation of
an incompressible fluid /3/ or the theory of sonic separation can be used in the
first approximation.

By A0 we denote the generator of a corner abutting an incident irrotational flow of an
ideal gas whose velocity is assumed subsonic and by OB we denote a free streamline converging
to the corner point O (Fig.l). We introduce a Cartesian coordinate system Z, ¥ whose negative
semiaxis coincides with A0 and a Mises coordinate system Z,¢. By 9 and ¢y we denote the
projections of the velocity vector onto the - and y-axis, respectively; a is the velocity
of sound, 0 is the density, p is the pressure. All equations below are assumed dimensionless.
The values of the flow parameters at the corner point are taken as typical and marked by zero
subscripts. We are required to find solutions of the system of Euler equations and of the
state equations, closing it, of an ideal gas in the domain ¢ >0 , such that the nonflow con-
dition g, = O when ¥ = 0 and z >0, while the flow velocity equals its own value at the corner
point when ¢ =0 and z>>0 , i.e., (g2 + ¢/ = 1.

By Vx and v, we denote the components of the
v perturbed velocities, &x =1+ Vo &4y =%. 1In a
3 neighborhood of the corner point O , in which the
components of peturbed velocities VU and v, are

v
2 small in comparison with unity, we can construct
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A o
S 15 as
P av, av, )
, e TE 4 () M, GE =0, o=t — Mt (D)
6 v ov,
¥ __ X0
23 p

Fig.1 vy —»0,117‘*0' z<<0; v, —>O"\p“’0' z>0 2)

*prikl.Matem.Mekhan. ,46,No.1,41-49,1982

34



Flow past a convex corner 35

Here ¥ is the specific heat ratio. It is most convenient to study the solvability of problem
(1), (2) in the hodograph plane. The equation system (1) can be inverted and for the deter-
mination of the flow function Y we obtain the linear equation

T8 L IO MM GE=0, u=( 4y, v=(1+9y 3)

We are required to find the solution % >0 of Eq.(3) in the domain ©<0, v<<0, satisfying
the conditions
YV=0,v=0,u0p=0,u=0 v0

(4)
After ¢ has been determined the quantity * is found by integrating the relations
dz dz
T Ee—coum

when My =1 and 8=0, i.e. , when the velocity of sound has been reached at the corner point,
Eq. (3) turns into the Tricomi equation. The boundary-value problem (3), (4) for it was
studied in /4/, by analogy with which we shall seek the solution of problem (3), (4) when
My,# 1 as a sum of eigenfunctions

b= = DNdpaw* (>0,i>0)

Tty i,k

The result of substituting it into Eq.(3) is
Y= diuv + dy [«--ueuu3 + v*u —;—- Mo'uu‘] +... 6)
The constant d;, cannot equal zero since the eigenfunctions ¥, (I > 0) change sign in the domain
©u<<0, v<{0. sSubstituting (6) into (5) and integrating, we cbtain a solution in the first

approximation of problem (1}, (2) with My==1

x=%[v¢—-—eu‘+-§-Mo’u3}. P=dyurv (7}

When M, = 0 the solution becomes the solution of the Laplace equation, while when My =1, of
the Tricomi equation /4/. As should be expected, as z -+0 and for any M, # 1 the nature of
the singularity is determined by the terms in solution (7), corresponding to the solution of
the Laplace equation

s By _
3”6-:’_; + Bu? =0 (8)

In the first approximation it describes the flow around problem in the linear approximation.
To detect the influence of the nonlinear term as a function of number M, on the character of

the flow, we consider the solution of prcoblem (8), (2). It is given by formulas
Y=dnuw + k}_} Re[(D + iDEY (Y eu + iv)@] {9)
=2

“=—1/71,%‘5 gk O f(— )8 ..

—1
\P-)O, Z<0, ﬁ:mz

An expansion of velocity u in a neighborhood of the negative axis was obtained in /2/.
The eigenfunctions in the expansion of ¥ are functions with even powers o = 2k (k> 2). If how-
ever, we allow for the nonlinearity of the boundary condition on the free streamline, then in
the expansion of v when $=0,2<0 it is necessary to introduce terms with integer powers of
z, which corresponds to the odd values ©=2k4 1 (k> 1). Formulas (7) and (9) show that for
any subsonic velocities and for the velocity of sound in the corner point the form of the free
streamline is specified by the equation

y=-—-2———-|/ —2—1‘/1-{— 20
3(1+y) dn e

and coincides with the form of the free streamline in the case of the separation of an in-
compressible liquid /2/. At the same time the nature of the behavior of the longitudinal
velocity component u in the first approximation in a neighborhood of the negative z ~axis,
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under the linear description (8), (9) and with My+ 1 (which is analogous to the nature of the
behavior in the case of an incompressible liquid €¢=1, My=0) , is essentially different from

the nonlinear (7). This difference is particularly noticeable as M,—1 . The equations for
the perturbed velocities are valid if (—u)~ 1. When (—u)~ 1 the linear theory yields
(—2) ~ &, whereas solution (7) of the nonlinear equation system (1) yields (—2)~ 1+ e. The

pressure gradients for these values of « are, respectively, dp/dz~—e1 and dp/dz~—1.
Let us investigate in detail the behavior of the velocity components u and of the pres-
sure gradient on wall AQ. From formula (7) when ¥ =0,v =0 we obtain
3
oM

(—up L §(—up— X=0, b= g X= (10)

3

dn M T
The solution of the cubic Eq.(10) shows that as My, -1 and for a fixed X the distribution of
the longitudinal velocity components % coincides with the sonic. The distribution of the
velocity gradient has the form

du 3 shoss 27 X 4
-dY=_.b_2 5hq>q) y (:hq):—-'l_I_,TTS_7 X>-2763 (11)
du 3 sin (3 —q/3) 27 X 4

X T T E T e COS(P:i_'z_'a? 0<X<W63

From (10) and (11) it follows that as M, -1 , at distances X ~ 8% the ratios of the velocit-
ies and of the pressure gradients (the subscript [ denotes quantities calculated by the

linear theory) are
= ~0.75, (%%)/(;%)ﬁvaﬁ (12)

Estimates (12) testify that when X ~ 8% the nonlinear term in Egs. (1) begins to play an
essential role. This result is natural since the boundary-value problem (1), (2) admits of
a similarity transformation group

b= U=LZ7 z==8%z, P=¢e""y, M0

A+ Mg ™ A+NMF ’ P

In the new variables boundary-value problem (1), (2) is independent of the mangitude of number
My 0and all terms at distances z ~ &3, ~ &*: play a like role. In this connection % ~ &,
v~ g%z, v~ Ul The estimates show as well that when: X << (46%) / 27 we can use the linear theory
without much guilt. The pressure gradient is favorable and as X —( can be represented in
this interval of variation of T as

dp / dzxr = —(1 + Y)—l(—zgdux)_‘/’ (13)

When X ==z 8® the essential role in the formation of the pressure gradient begins to be
played by the nonlinear term in system (1). When u >0 and v >0 formulas (7) describe the
gas flow with a free streamline, separating from the smooth surface. Its form coincides with
that of the free streamline in the case of incompressible liquid separation /8/ and is deter-
mined by the equation

y=" (1 + W2/ )yt + ..., 2 >0
When u << &/ M¢® relation (7) can be used in the region —(die%) / (6M,%) < z < 0. However, if
M, << (2 4+ )"/~ then formulas (7) are valid everywhere that the problem's solution can be
described by the theory of small perturbations. When M; =1 they become meaningless. In

this case the medium's compressibility is vital, and in a neighborhocod of the separation point
there is no region in which the solution could be linearized.

As a result of the interaction of the external potential flow described by formulas (7),
(11), (3) with the boundary layer under the action of an infinite pressure gradient in it
there is formed a free interaction domain. Its extent Az depends on the Reynolds number
R = (poU,L) / o and on M, Here L is the characteristic size of the external potential flow,
B is the viscosity coefficient. If Az << (46%) /27, then the flow in the free interaction do-
main is formed by the pressure gradient (13). Let us determine the dependency of Az on the
numbers R.and & and construct a solution of the Navier— Stokes equations, valid in a complete
neighborhood of the corner AOC outside the free interaction domain.

The equation of the free streamline and the pressure gradient (13) depend on variable &
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in the same way as in the case of separation of an incompressible liquid's separation from

the corner point
teraction domain
decked /3,5-—8/.
the corner point
of the system of
as perturbations

/2/. Therefore, the dependency of all characteristic sizes of the free
on R will be analogous /3/. The free interaction domain's structure is three-
By U(Y)and R (Y) we denote the values of the velocity and the density at
O, while by Y = R'y , the coordinate of the boundary layer. The solution
Navier — Stokes equations in the main deck (region 2 in the Fig.l) is sought
to the values U (Y) and R (Y):

in-

2 =U @) + (=2} u, (V) + (—=2)"u, (V) + . ..
Vy = (=2 1V, (Y) + (=2 Vo (V) + . .., V, = Ry,
p=R(Y) + (=2)lo, (¥) + (—=2)/ip, (Y) + . ..

p=1-+ y;’l[oﬂ(_ 2z )‘/2+...

edy
Expansions (14) describe a nonviscous turbulent flow.
satisfy ordinary differential equations.

(14)

The functions 5, Vi, 0y and Uz Vi pa

Their integration yields

"y = _?_ AU (Y), pr= _i_ AR (Y)Y, Vi= AU (Y) (15)
dy

wa=2[ A2+ dd )| U (V) — prerey
=24, +TdoJ<Y)} R (Y) + doR (Y)

do={(2/edy)""

Vo= dYy —eY

[+ dod ()] U (), J<Y>==§-‘;55"
Y

However, expansions (14) with solutions (15) do not ensure the fulfillment of the adhesion
boundary condition. Therefore, it is necessary to consider a viscous sublayer {(domain 1) in
which the forces of viscosity, inertia and pressure are of a like order of smallness. Ip it
we seek the solutions in the form

= (=)l uy (n) + (—2)2uy () +
P 14 yMy'dy (—2) + .. L,
p = R {0) 4+ (—2)"s py () + (—2)"/%p, (n) +.
Vi=(=2)"Vo(m) + (—2) V, () + .

] (16)

We assume that the viscosity coefficient is proportional to the temperature:
(16) and the state equation, we obtain

oy [!

If we introduce the stream function

¥ = [(— ) Fo () +

u=CT. Using

Po (M)
RO

I'= ~(="Far F(— x)‘/:( £0* () ‘;8)];

e + y1102d0> 4. ]

Y

(=2 Fr(m) + .1 R(O), —

n=

then the equations for determining the flow field in the viscous sublayer are
C &F, ____5_ d2F, + 1 (dFo 2 _ 1
R (0) dv g e “dn"-‘ & \m ) = T3
C d2p, 5 dp,, 1 dF,
PrEEQO) dfE + 7 =0
¢ &F 5 3 dF, dF,
BTy anp g & dn Tdn T E

do
R(0)

(17)

d’F1
dn?
d &F, C
by 0o - Ty P
C d ( J‘Fo) d2
) ['ﬁ Po ) T Ty
(o} &y 5 °P1
PrrE(0) dnE ——8’ +

dFy d%,
T PrRE(0) dn dnt

(00 )]

dF,
1 dno Pl———-Mo doH(n)

1
=R +

tIF,,




38 V.N, Diesperov

{ Ry T o dpy &,
TPO—E{‘F'—Fl + an,m) po—o +

dnt
Cly— M) +P—r135'zb‘>'(i—p£)

The boundary conditions for them are the following. As M — oo expansions (14) and (16) must
be combined. The adhesion conditions requires that Fo =F, = Fy=F/' = owhen M = 0. If the
temperature of the corner's surface 40 is constant, then o, (0) =0,p, (0) = yM 4R (0} . we
note that dp,/dy £ 0 when 'n =0. 1If, however, the corner's surface is heat-insulated, then it
is necessary to require p;’ (0) =0, p, () = 0. From the latter condition as well it follows that
Fi(m)=0.

Let us consider the case when the corner's surface is heat-insulated and the Prandtl
number Pr = 1. As M —» oo the solutions of Egs.(17), behaving algebraically, can be represented
as (by, by, ¢ ©1 are arbitrary constants)

Fo = by + by + .+ ., py = egns +
Thus, the solutions of Egs.{17) for F, and p; must satisfy the conditions
Fo=F/ =0, py () =0, n=0 (18)
e =0 =0 n—>ow

It was shown in /9/ that the boundary-value problem (17), (18) for F, has a unique solution.
It can be verified as well that in case Pr =1 the integral

pr = ydoR (O) M + 11 R2(0) M2 ( ”0) (19)

satisfies Eg.(17) for p; and the boundary conditions (18). Let us determine the dependent of
coefficients b, and & on g To do this we make an expansion transformation 1 == af, F, = p®,

with coefficients R ) " 8, gt e
a=2"R ()1 dfenCl, p=2"1R O " dy e nCT

In the new variables the first equation in {(17) and the boundary conditions for it in (18}
take the form

5 &0, dDy\2 B0,
F oS (22 5
D, (0) =D (0) =0, @, (1) = B¢+ Bl v

{ o0

The constants B, and B, are already independent of &. Going back to the former variables,
we obtain, as 1 —oo0, the following expansion of the stream function

Yo 2‘/-d;“/ac—'hgoe-‘/uy‘/-+ 9l p (O)—‘/l dﬂ/"C"'e"/"Bl(——z)‘/-Y’/'+ (20)
Combining expansions (19) and (20) with expansions (14) yields
gd’!lll.cx'h 1/, Bl

2fa
[ D— (21}
5 9% g (g)'/s By

C"f" Y L, Apes

vry=21

Yaraer~s
R(Y):R(O) 1’_1)ft2(0)1{2—2——5d‘}—-
11

e hB2Y ™ .., Y0
As Y >0 the functions U (Y) »1, R(Y) =1 ; therefore, the boundary layer induces perturba=-
tions of order R~/ in the external stream {(domain 3):

Gy = R LAy (=2 + Ay (=2 k), Y oo (22)

The flow in the external stream is described by formulas (9). Thanks to the displacing in-
fluence of the boundary layer, in expansion (9) it is necessary to introduce a new term with

= —14. The constant equals
DS‘}L — __2‘/-d’/uA18-t/2R~1/g

The connection between constants D<”) and D_\hls determined from the condition of equality to
zero of the free streamline:
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D e ctg /8D,

The constant 4, in (15) and (22) needs to be set equal to zero since the solution connected
with it is, in the external stream, a natural solution of the corner flow-around problem with
a free streamline.

The boundary layer which is separating forms a mixing layer (domains 4 and 5) which abuts,
on the one side, the stagnation zone {domain 6) and, on the other, the external potential flow.
Since the stream is nonviscous in the main part of the boundary layer, the changes in velocity,
density and pressure along each streamline are infinitesimal as R —oo. This signifies that in
the main part of the mixing layer (domain 4) the solution needs to be sought, as in the bound-
ary layer, in the form of perturbations to values U (Y) and R (Y) whose behavior as Y —+ 0 is
given by formulas {(21). Starting from this, we seek the solution in the  viscous sublayer
(domain 5) as ¥ =RO) £ Fy () 4.1 =Y/ (23)

p=R(0) 2o (m)+ ...

By 2°, Y° we mean an orthogonal coordinate system whose z° ~axis coincides with the free
streamline. For the determination of ¥, and p, we obtain the eqguations

C @F, |, 5 , &F, 1 (dFy\3 _ 24)
oy ap T o ”T(W) =0 (
_C_ 5 o dp, t dFy . o @2Fy\2
w5 — g e =Cly— HMA (2

As 1 —>® expansions (23) must be combined with expansions (20} and (21), while as 1 = — o,
with the expansions describing the flow in the stagnation zone. For function F, this gives

3 C -
Fo=bon"+zﬁ7%@-n‘+m' n—> 00
Fo0) =0, F/'(m) >0, 9 —>—oc0

Boundary-value problem (24), (25) was solved numerically in /3/. The equation for the density
P1 in case Pr =1 can be integrated directly

-4 dF,
pl="l’2 Rz(O)Moz(___&]_o)z

(25)

For the vertical velocity component we have as 11— — o
gy==—5/sFo(— o)z sR-1 - . ..
Since it does not equal zero /3/, the motion

€03 (®/y0r — /30) rhgeth

g ="/sFo (— 00) 52 (26)
gy=—"IsFo(—o0) == i@f‘ijﬁ) rRR —aLp<O

is induced in the stagnation zone. The pressure and the density are found from the relations

p= [1-— —12-22—(?— 1) M2 R (0) Fy? (— o0) e R_l]ww-l_)

sin? 3,00
p=pR(0)

Solution (26) does not satisfy the adhesion condition on the corner's surface OC. Along it
the velocity equals .
¥ eq 8/ Fy {(—00) 7/> 5in™} 5/, R

The boundary layer on the corner's surface @C {domain 7) is constructed in the usual manner.
Thus, the corner AOC has been completely bypassed and the expansions of the solution, con=-
structed in each domain, have been intercombined, However, when < ~ Az they cease to be
valid.

Let us consider the pressure's expansion when T<C{:

p="1 + pM[(2 ) edys)s (— 2}/ 4 27d5 "D (—2) 1 4 .. ]
The distance at which the second term becomes of the same order as the first gives the typical
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size Az of the free interaction domain. The linear theory of the external potential flow is
true if Az <€ (d;;¢%) /6. Hence we get that the boundary layer will separate, as in an incom-
pressible liquid, if

8%

3”/:sctg”/uﬂ18(;’/n By \#hs e
()™ a 27

5apd iR () \ Ho

As &'—0 the Reynolds number will tend to a value computed from the critical mangnitudes of
the parameters. The free interaction domain will be formed in conformity with the pressure
gradient given by the first formula in (11), while its extent will approximate to its own
sonic value Az, = 0 (R). If, however, the displacement's thickness is formed by a viscous
sublayer, then Az, = 0 (B-/%) /10/ and the order of Az, coincides with the oxder of the right-
hand side of inequality (27).
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